Abstract. A composite positive integer n has the Lehmer property if ϕ(n) divides n − 1, where ϕ is an Euler totient function. In this note we shall prove that if n has the Lehmer property, then n ≤ 2 2 K − 2 2 K−1 , where K is the number of prime divisors of n. We apply this bound to repunit numbers and prove that there are at most finitely many numbers with the Lehmer property in the set
Introduction
In 1932 Lehmer conjectured that if ϕ(n) | n−1, then n has to be a prime number. A composite positive integer satisfying that divisibility is called Lehmer number or number with the Lehmer property.
No Lehmer number is known, although there are some partial results. Pomerance showed in [8] that if n satisfies the Lehmer property, then n is squarefree and n < K 2 K , where K denotes the number of prime divisors of n. Moreover Renze in [9] gave a bound K ≥ 15. If additionally 3 | n, then K ≥ 40 · 10 6 and n > 10 36·10 7 . The upper bound given by Pomerance was a crucial step in proofs of many results concerning the existence of Lehmer numbers in certain sequences, such as the Fibonacci sequence [6] , Pell numbers [3] or Cullen numbers [4, 5] .
In this note we prove that n ≤ 2
This new bound allows us to get new results about repunit numbers with Lehmer property, the topic that was studied earlier by Cilleruelo and Luca in [2] .
A new upper Bound
The key ingredient in the proof of the upper bound for numbers with the Lehmer property is the following lemma given by Nielsen in his proof of the bound for odd perfect numbers.
Lemma 2.1 (Nielsen, [7] ). Let r, a, b ∈ N and x 1 , . . . , x r be integers such that 1 < x 1 < x 2 < . . . < x r and (1)
x j ≤ (a + 1)
The following theorem is a simple consequence of the above lemma.
Theorem 2.2. If n has the Lehmer property, then
where K denotes the number of prime divisors of n.
Proof. It is known (see [1] ), that if n satisfies the Lehmer property, then n is odd and square-free. Let us write
Moreover,
Hence, the inequality (1) is satisfied for x j = p j , r = K, a = 1 and
From (2) we get
and theorem follows.
Repunit Numbers
The upper bound obtained in the previous section allow us to improve a result concerning repunit numbers, i.e., numbers of the form
g−1 for integers g ≥ 2 and n ≥ 1. The following is true: [2] ). For each fixed g > 1 there are only finitely many effectively computable positive integers n such that
For now suppose that g is even integer. Let L ≥ 1 be a fixed real number and define
where ν 2 (g) denotes the 2-adic valuation of g, that is, the exponent of 2 in the prime factorization of g. We offer the following generalization of Theorem 3.1:
L and L ≥ 15. In particular there are only finitely many Lehmer numbers in A(L).
Proof. Consider g and n such that a g,n ∈ A(L) satisfies the Lehmer property. Then obviously n ≥ 2. Let K denotes the number of prime factors of a g,n . From [9] we know that K ≥ 15. Now
Parity of g leads to 2 K | g and thus
By Theorem 2.2 we get
On the other hand, a g,n > g n−1 , so n < 2 L log 2 log g + 1.
The right hand side goes to 1 as g → ∞ and for g ≥ 2
2
L we have n < 2, so n = 1 -a contradiction. Thus g < 2
L and we get the claim.
In the case of odd numbers g it is more convenient to bound the 2-adic valuation of g + 1 instead of g. Let L ≥ 1 and consider the set
The following holds: Proof. Consider g and n such that b g,n ∈ B(L) satisfies the Lehmer property and let K denote the number of its prime divisors. Let us write n − 1 = 2 s (2m + 1), where s = ν 2 (n − 1) ≥ 1 and m is a non-negative integer. Then
.
is odd, we have
Observe, that for any odd number t we have ν 2 (t 2 + 1) = 1. Thus
Thus from (3) we get K ≤ ν 2 (g + 1) + ν 2 (n − 1) − 1. Also, from Theorem 2.2 we infer that
L−1 . Finally, the finiteness statement follows from Theorem 3.1.
Remark 3.4. From the proof of previous results we see that if b g,n has the Lehmer property and n − 1 = 2 s (2m + 1), then
From Theorems 3.2 and 3.3 we get effective bounds for n and g in terms of L. In the case of even g they are given explicitly in the proof. In the case of odd g we showed that g < 2
L−1 and used the result of Luca and Cilleruello, where the explicit bound for n is proved. Thus, gathering these results we have the following obvious:
Corollary 3.5. For a fixed L ≥ 1, there are only finitely many numbers with the Lehmer property in the set g n − 1 g − 1 g, n ∈ N, ν 2 (g) + ν 2 (g + 1) ≤ L .
All of them are effectively computable.
Corollary 3.5 improves Theorem 3.1 because the parameter g can take values from an infinite set. Our idea was to show, that in fact Lehmer numbers can appear only for finitely many values of g. This generalization was impossible to get using the bound n < K 2 K since it implied only the inequality of the form n < 1 + g log(ν2(g)) log g (see the proof of Theorem 3.1 in the even case) and the expression on the right is unbounded when g goes to infinity.
